Duality of abelian gauge theories are considered. By compactifying a self dual p-form theory on some compact space, we determine the duality generator of the gauge theory. In this picture duality is seen as a consequence of the geometry of the compact space. We describe the compactification of 10-dimensional self dual 4-form Maxwell theory to give a theory in 4-dimensions with scalar, one form and two form fields that all transform non trivially under duality.
Introduction
Recently there has been much interest in field and string theory dualities. It has been shown that it is possible to explain some gauge theory dualities from a geometric point of view by considering a self dual theory living in M 4 × K where K is some compact manifold. When specifying the self duality condition it is necessary to break general covariance and specify a direction, chosen to be on the compact space. Different theories from a 4-dimensional point of view then become related to different directions on the compact space. However, the physics must be independent of which direction is chosen. Hence the duality becomes a consequence of general covariance in the self dual theory.
This elegant explanation of gauge duality has been applied in a variety of contexts. In several papers [1, 2] various authors have shown how S-duality in Maxwell theory in 4-dimensions can be produced by considering the compactification of self dual two form theory in 6-dimensions. The rank of the form refers to the gauge potential, which for a p+1 form theory couples to a p-brane via its world volume. Hence the 6-dimensional theory concerns a gauge theory coupling to self dual strings of which there has been much interest recently [3] . The case we will consider in detail is an extension to the normal ansatz a for self dual 4-form in 10 dimensions compactified on T 6 . We will begin with a brief summary of the method used to derive the generators of the duality transformation for Maxwell theory in 4-d from the self dual 6-d theory. Then we will discuss the 10-dimensional case and our extension to the usual ansatz. The resulting theory in 4-d will be derived along with the generators of the duality group acting on the 4-dimension theory. The results may be interpreted in the context of type IIB string theory of which this is a part of the bosonic sector, where for small values of the string coupling constant the gravitational sector decouples. Indeed some authors have used a similar construction to investigate the duality properties of dyonic p-branes in the context of IIB supergravity [4] . We shall not explore such applications here.
S-duality from self dual 6-dimensional Maxwell Theory
Here we briefly review the work of Verlinde and Giveon et al [1, 2] as this will provide the main method for constructing the duality generators in the more complex case considered later. The action for a self dual gauge Maxwell theory in six dimensions is given by:
where H ∈ Λ 3 (M 6 ) and B ∈ Λ 2 (M 6 ). We shall use the notation Λ p (M d ) for the space of p forms in the d dimensional manifold ,M d . To impose the self duality relation we use the non covariant equation:
where i v denotes the inner product with a vector field v. We then compactify; M 6 → M 4 × T 2 , including only the zero modes of fields on T 2 . Incorporation of the non zero modes; which would lead to a massive theory is left for future work. The ansatz for H and B is then as follows:
where
As will be checked later this ansatz is consistent with the self duality in 6-dimensions. The a and b 1 forms on T 2 are the canonical closed 1 forms associated with the non trivial homology one cycles on the torus [5] . Hence they form a basis for H 1 (T 2 , Z). In the canonical basis the intersection matrix is such that:
Essentially this means the area of the torus is defined to be 1. The period matrix Π is given by:
First, a direction for the vector field v must be specified so as to explicitly impose the self duality condition. We will choose v such that i v a = 0. Inserting the ansatz (3) into (2) then gives the usual relation for an abelian field strength;
Later we will repeat the procedure with a different choice for v and generate the dual theory. The equivalence of the two duality related theories is based on the independence of any physics on our choice of v. We then substitute (5) and (3) into the action (1) and obtain a 4-dimensional action after using (4) to do the integration over the compact space. This gives:
where we have thrown away an irrelevant total derivative. We are left with a theory that contains an auxilary field F D that we may integrate out of the partition function. The integral is Gaussian in nature and so the integration is trivial. Of course it is that possible anomalous effects might appear in the determinant. As such, aspects of the global topology of the space time will be important. In references [1, 6] , the effects of the topology on the path integral are discussed. We shall not repeat their results here. The equations of motion for F D give:
Hence F D becomes identified with the dual field strength and the self duality in 6-dimensions of the ansatz (3) can be confirmed. After integrating out the F D field we have the usual Maxwell theory in 4 dimensions with a theta term:
We can then identify τ 1 and τ 2 with the theta term coupling and the usual electric charge coupling of the Maxwell theory. (Some overall factors of 2π are needed outside the action to be able to make direct comparison with the usual τ parameter.)
The generator of the S-duality is found by choosing the other possible direction for v in the choice of definition of self duality. Taking v such that i v b = 0 and then repeating the calculation carried out above gives the following:
Putting τ together as τ = τ 1 + iτ 2 then we have the familiar S-duality of τ → −1/τ . The other generator of SL(2,Z) τ → τ + 1 is found by considering the topological term F ∧ F . This has been well explored in the literature, see for example reference [6] . Geometrically, τ and 1 define the basis vectors for a lattice, L. The torus is then described by C 2 /L. τ → τ + 1 and τ → −1/τ leave the torus invariant. Hence, it is possible to understand S-duality as a result of the geometry of some compactified space. The generators of the duality transformation are found by different choices of the direction by which self duality is described in the compactified space. This calculation has been generalized to any Riemannian Manifold and to higher dimensional compact spaces by various authors [2] , including the case of K 3 ×T 2 , which would be of particular interest fro a string theory point of view.
Theories in higher dimensions
Crucial to the discussion above was the existence of a self dual 3 form gauge theory in 6 dimensions. As is well known [7] , self dual (chiral) gauge theories only exist when the dimension of spacetime D= 2 mod 4. Hence for the next case we will look at D=10 self dual 4 form abelian gauge theory. This will also provide us with a far richer duality group since the compact manifold will be 6 dimensional.
First we will deal with the most immediate generalization of the above calculation. It is useful to consider the general context of how the p-form field strength is decomposed between the compact D dimensional space,
Where i runs from 0 to i ≤ d and i ≤ D but not i such that p − i = D/2. The space has been split up according to the action of the Hodge operation on elements in the space. The first space in this decomposition is singled out because the Hodge operation maps an element in the space back into the same space. The other spaces in the direct sum appear in pairs with the Hodge operation mapping an element in one space on to the paired space. For self duality to be possible the field strength of the theory must be an element of a space that is mapped back into the same space by the Hodge operation. The usual ansatz is to truncate the theory, taking fields that live only in the first space. This was the case with the example given above and in the ansatz used in reference [4] . Fields that are in this space may couple to dyonic objets and hence are natural candidates for electromagnetic duality.
If we consider the sum of an element of one space with an element of its pair, then we can see that the Hodge operation will map such a sum of elements back onto the same space. That is the space formed by the direct sum of a space with its pair. So it is possible to have electromagnetic self duality for fields living in such a pair of spaces. Later we shall develop this idea showing using a suitable ansatz, that it is possible to form such pairs that transform non trivially under a duality transformation.
We shall begin our analysis with fields in the first space. It is necessary to have a basis of
Betti number associated with the compact manifold M d . A canonical basis is chosen such that the intersection matrix
is antidiagonal. The period matrix is:
For definiteness we shall now go to the case of M 10 compactified on M 4 × T 6 . So, the {γ I } are the basis of 3-forms in T 6 and b 3 (T 6 ) = 20. As it is a torus, the three form basis may be written in terms of a product of the one form basis. The action in 10 dimension is:
With also the self duality equation:
The ansatz taken will be as follows:
We then proceed as before. Picking out a particular v and then decomposing the 3-form basis, {γ I } into parallel and perpendicular parts via the equations: i v γ a = 0 for γ a in the space parallel to v and i v γ i = 0 for γ i in the space perpendicular to v. From now on the indices a,b will indicate γ parallel and i,j will indicate γ perpendicular. This projection decomposes the 3 form basis into 10 parallel and 10 perpendicular basis 3-forms. Hence, when we substitute the ansatz (9) into the self duality equation (8) we arrive at 10 equations:
First compactify M 10 on M 4 × T 6 which involves substituting in the ansatz (9) into (7) and then doing the necessary integrals over T 6 , (as before keeping only the zero modes). We arrive at a 4-dimensional action. We then substitute in the equations (10) derived from the self duality equation (8) for a particular choice of v. Giving the action:
As before we must now integrate out the auxilary fields, F i . Again, the integrals will be Gaussian. Doing the integration gives the following action for an abelian gauge theory:
Where the coupling matrices τ and σ are given by:
The raised indices indicate the inverse matrix, such that G ab = G IJ . Note that apart from the usual curvature squared term there is also a topological term that is a generalization of the theta term for a U(1) gauge theory. We will see how the above transforms under duality when we calculate the more general case discussed below.
Before, we noted that it may be possible to construct theories that are self dual that contain fields of different form rank (We mean the rank of the fields after compactification; before compactification it is clear that the fields must have the same rank). These fields will live in the sum of paired spaces discussed earlier.
As such, the ansatz considered previously may be viewed as a degenerate case; in which the pair of the space is the space itself. We now move on to consider the case where we have a sum of fields that live in such a pair of spaces. Replace the ansatz (9) with the following:
and {µ I } is the canonical basis of H 4 (T 6 , Z) and {ν I } is the canonical basis of H 2 (T 6 , Z). Note b 2 (T 6 ) = b 4 (T 6 ) = 15. Hence, I=1..15. As before we construct the period matrices associated with both bases. Let G be the period matrix of the 4-form basis, {µ I } and F be the period matrix of the 2-form basis {ν I }. There will also be an intersection matrix Q defined by: Q IJ = T 6 µ I ∧ ν J which in the canonical basis will be antidiagonal. We now define parallel and perpendicular bases for both the 2 and 4 forms as before. The indices a,b indicate parallel 2-form and i,j indicate perpendicular 2-form.ã,b denotes parallel 4-form andĩ,j denotes perpendicular 4-forms. It can be seen for any given one form there are 5 parallel and 10 perpendicular 2-forms and 10 parallel, 5 perpendicular 4-forms. Hence substituting in the ansatz (14) into the self duality equation (8) we have for a particular choice of v a set 15 equations:
We compactify S M 10 as before, performing the necessary T 6 integrals which introduce the period and intersection matrices defined above. Then substitute in the self duality equations (15) into the compactified action. After throwing away irrelevant total derivatives, we integrate out all auxilary fields, B i and Aĩ. This leaves, the following 4-dimensional action:
where we have the following couplings:
The action contains the usual kinetic terms for scalar fields and 2nd rank tensor fields. There is also the topological term which is a generalization of the theta term that couples the scalar and two form fields. Note that if G=F then we have the same equation for the coupling as before, (13). Hence, confirming that the previous case is a degenerate version of the more general situation in which we have a paired space. Also, one can easily check that this formula for the coupling of the abelian gauge theory in terms of the period matrix of the compactified space reproduces the simple T 2 result. In this instance the period matrix is two dimensional and so the perpendicular and parallel parts are one dimensional and hence no matrix inverses are involved. Now we wish to construct the generators the duality transformation for the theory described above. We follow the previous S-duality example, by choosing two different directions for v and then determining how the theory changes. It is obvious that only the coupling matrices change. To simplify the calculation we calculate the couplings for a compact space that is a product of three orthogonal generic 2-tori. We take the first choice of v to correspond to the b cycle of the first torus. We then take the second choice of v to be the a cycle. In the more general case we can always label the two cycles that we are interchanging as the a and b cycles of some 2-torus. After calculating explicitly the period matrices and then substituting into (17) we find the following transformation under the exchange of the b and a cycles:
and the dual coupling matrix: Where a τ ij refers to the ijth element of the period matrix of the a th 2-torus. And a τ i refers to the usual modular parameter of the a th torus. We have set the area of the 1 τ , to unity, hence the appearance of 1 in the (18). The matrix M is a 6x6 matrix that is left invariant by the duality transformation. (It may be calculated using (17)).
And so we have a sort of factored S-duality. This is similar to the D-generator of the usual target space duality of string theory compactified on T 6 [8] . The D-generator is the higher dimensional generalization of the well known target space duality of R → It seems in retrospect that such a generator would be obvious given the geometry of the space. This calculation shows how this type transformation applies to 2 and 4 cycles (or indeed three cycles).
The difference between the factorized S-duality and the transformation we describe above is that part of the coupling constant matrix is left invariant by the duality transformation. That is because it is possible to have cycles that contain both directions. These are left invariant by the duality transformation; cycles that contain neither are of course projected out and so do not appear. The cycles that contain one of the directions are those that are transformed under duality. Simple counting of the number of 2 and 4 cycles with these properties confirms this picture. We can summarize the dualities schematically as follows: R → 1/R is S-duality; XR → X/R is D-duality and the transformation shown here A + XR → A + X/R. As already noted, in the case of F=G the equations (17) become (13) the couplings for the 2-form field strength. The Betti numbers are different, b 3 (T 6 ) = 20; and the projection of the three forms. However, the structure of the duality transformation will remain intact. The number of duality singlets is given by counting the number of three cycles that contain both projection directions, 4 and the number that transform under duality given by the number of that contain only one, 6. Everything else is projected out.
Conclusions
We have investigated some aspects of duality induced by compactification of a self dual p-form theory. It has been shown that a T 6 compactification of a self dual 4-form may include scalar and antisymmetric tensor fields as well as 1-form fields. The coupling matrices for these theories have been calculated. It was shown that the couplings transform non trivially under duality. The generator of the duality transformation was determined and shown to have a form schematically described by A + XR → A + X/R. We explain the form of this duality by considering how 2-cycles, 4-cycles and 3-cycles are projected by the non covariant self duality condition.
The possibility of including scalar and antisymmetric tensor fields my have interest when considering massive gauge theories in 4-dimensions.
